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Canonical variables are obtained for the equations of the potential motion of an ideal fluid in arbitrary curvilinear Euler and
Lagrange systems of coordinates. The boundary conditions are written in Hamiltonian form with a Hamiltonian equal to the
total energy of the fluid. The main purpose of this paper is to develop a Hamiltonian approach to the investigation of non-linear
wave processes in volumes of an ideal fluid of non-trivial geometrical shape.

Evolutional wave problems are usually reduced to finding and analysing the solutions of “truncated” shallow-water,
Korteweg—de Vries equations, the non-linear Schrodinger equation, etc. [1-4]. Methods of solving these equations
are well developed [1-5]. The properties of the solutions obtained depend very much on the dispersion relation
and the coefficients of the non-linear terms.

Finding the coefficients of the non-linear terms of the “truncated” equations involves carrying out lengthy
asymptotic expansions in the initial system of equations [2, 4, 6, 7). To simplify the expansions, the Luke variational
principle [7] or the Hamiltonian approach [3, 7-9] have been used. When using these methods the asymptotic
expansions are only carried out in a single functional (the Lagrangian or Hamiltonian), while the “truncated”
equations are automatically found from the variational principle, which considerably reduces the amount of algebraic
calculations required.

Lagrange’s equations [11, 12] are used to investigate the potential motions of a fluid with a deformable boundary.
One can choose the normal displacements of the boundary as the generalized coordinates. The generalized forces
are then the pressure forces acting on the boundary of the fluid. This approach is equivalent to the Hamiltonian
formalism in a Lagrangian system of coordinates considered in this paper.

Canonical variables have been obtained in [8] for the equations of potential motions of an infinitely deep layer
of an ideal fluid with a free surface, written in a Cartesian Euler system of coordinates. Canonical variables were
obtained in [9] for the potential motions of a multilayer ideal fluid in a Cartesian system of coordinates and the
corresponding Hamiltonian was constructed.

1. The calculation of the vortex-free motion of a volume ¥ of an ideal incompressible fluid reduces
to solving Laplace’s equation with boundary conditions which have the following form in invariant
geometrical notation

ic 9P ; .
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Here o(x', t) is the velocity potential in an arbitrary curvilinear Euler system of coordinates x’, g¥ is the
metric tensor of Euclidean space, V; is the symbol of covariant differentiation, U(x’, ¢) is the potential of
the external mass forces, p’ (x' € V7, 1) is the external pressure acting on the free surface of the fluid,
oV7, p = const is the density of the fluid. We will assume that the boundary 8V of the volume V consists
of two parts: 9V and 9V”. The surface 97 is free and is described by the equation I¥(x’, f) = 0, and
the surface dV" is a solid movable wall and its motion is defined by the equation I''(x’, £) = 0.

The solution of Laplace’s equation in a volume V is uniquely defined if we know the values of the
potential ¢/ at the boundary 3’7, and the function I¥, and condition (1.3) is satisfied. Hence, the total
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energy of the fluid E, the potential @ and the pressure P are functionals of ¢’ and I'. The boundary
conditions (1.2) determine the evolution of the boundary value of the potential ¢/ and the form of the
free boundary. The pressure in the whole volume of the fluid is given, after finding ¢, by the formula

p=-pE (14)

We will assume that the Euler system of coordinates can be chosen so that the equality ¥ = #”7(x!,
X, 1) -2 is satisfied in a finite time, the coordinate lines x> have no tangents to the surface oV and the
range of variation of x! and +* is independent of time. Further, obtain the canonical variables we will
use coordinate transformations which do not change the direction of the basis vector e;, tangential to
the coordinate line x°.

2. The total energy E is equal to the sum of the kinetic and potential energies of the fluid and is given
by the formula

E=T+m, T=1]g1929 sy - uav
2,8 % o v

The change in E during the motion is equal to the work of the pressure forces on the surfaces V!
and oV’

5h' ds h’ds
SE=- | p/ - p= 2.1
ol Rt @D
j o/ ar’/’
IVDf P =g ——— /" =8h/"
8
(¢’ is the pressure of the fluid on the solid wall). Note that the quantity P in (1.5) is specified, and p

is found from (1.4).

We will calculate 8E assuming that 3 = 84 on the boundary line between oV and 8V, The variation
of the values ®*(x!, 3%, 1) of the arbitrary function ®(x’, £) on 9V is related to its variation at a fixed
point of space as follows:

BB/ = (3D + V,dOhYr, @ = d(xi e IV)

Using the Gauss-Ostrogradskii theorem and the formula for integration by parts, we obtain

1

O = _5(]'[ Ho+ i+l Ij [UBh[g) dx'dx® + [ [UBh+[g) dx'dx® (22)
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The regions S are the projections of the surfaces 3V*” onto the plane (¢!, ©).
We will convert the sum I{, + Iq assuming that dg satisfics Laplace’s equation

if s 09 afxp) .-( atv)
41 = V'(&p . L \dV =2f V| 89— |dV =
v *le { ax' e ax' { ax'
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Differentiating under the sign of the integrals I we obtain

f.r
for 3
iﬂ’-iﬂ@+¢ar. ﬁ\gv k7" dx'dx?
0X

L i

sl axj k ax'
We make the following change of coordinates

3
X
Yoaxl, yrax? P fedd, h=h(x' D), (aPEs
h
(h is an arbitrary function of x', x%), without changing the direction of the vectors of the basis €3 The
Jacobian of this change is Jg. Hence, the quantity i'nin the new system of coordinates is equal to unity,
and we can write
OF o or/ j OE 1939 dp ,.,-_acparf 0p i

507y oy £ m 20y ° oy oy oy

. hf
y €av/, = |feds®
h

The variation (3¢)" = (3¢/3t)’3¢ depends functionally on 3¢/, /. Hence, it follows from (1.4) that
the sum of the integrals over the surface §” in (2.3) is equal to

, Oh'ds
P =
svr PIVITI

Hence, we have the following assertion.

Assertion. The evolution of the free boundary of a volume of ideal fluid, defined by the equation x® =
h(',2% 1), and the value of the velocity potential ¢/ on it are determined in an arbitrary curvilinear Euler
system of coordinate with metric g7 by the Hamilton canonical equations

m__OH o) . OH (2.3)
ot dol) dr o ’

and the Hamiltonian is defined by the formula

- g Wds oW, ds
H=Er J P owrn™ ) o ® o 24)

When calculating the Hamiltonian it is assumed that the value of ¢ over the whole volume of motion
Vis also related to the canonical variable ¢/ in the same way as the solution of Laplace’s equation (1.1)
with boundary condition (1.3) is related to the boundary value of the potential ¢ on 9V~

The canonical variable 1 has a clear geometrical meaning. Assuming k = K(x!, ¥, ¢ = 0), we find
that the quantity n(x}, x f)dx'dx? is equal to the elementary volume oV traversed by an elementary
area lying on the free surface of the fluid in the direction of the x° axis in a time z.

As an example we: will consider the canonical variables for motions which can be conveniently investigated in
cylindrical or spherical systems of coordinates. In the first case we have

x=r, =9 B=z, gy=1 gn=r gu=1
g;=0 when i=j, \/Zr:r

We will assume that the free surface of the liquid 9V is described by the equation r = (¢, z, £). In this case the
canonical variables are the values of the potential ¢/ and 3V/ and
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wf
n= f rdr-E(hf)

For a spherical system of coordinates we obtain
xl'=r, x2=0 (polar angle)- x3 =\ (length)
gn=1, gn=r gy=1%in?, g; =0 for i=j Vg=r

If the free surface a¥7 of the fluid is described by the equation r = h%(, A f), the canonical variables will be ¢/
and

nf 2 1 3
n= [ ridr=—(h'y
0 3

The approach considered can be extended to the investigation of the motion of fluid volumes taking
into account non-inertial and non-dissipative surface phenomena on the boundary oV for which the
connection between the surface energy W and the form of the surface oV is found from the equation
V +p= 8W/8r|, where pf is the fluid pressure in the region of its unknown surface. In this case the
Hamiltonian is equal to the sum of (2.5) and W. The simplest example is the Hamiltonian formalism
for potential motions in a fluid layer under an elastic plate [13].

3. We will consider the Lagrangian approach to investigate the potential motions of an ideal fluid. We
will assume that at the initial mstant of time ¢ = 0, the coordinate axes of the Lagrangian system Ei=
1, 2, 3 coincide with the axes x* of the Euler system Each fluid particle will then have its Lagrangian
coordinates & and the displacement vector (£, £2, «‘; t). For vortex-free motions the components of the
velocity of the fluid particles v/ = $99¢/a¢’, where g" is the metric tensor of the Lagrangian system when
t = 0[14].

We will choose the Euler system of coordinatesx’ in such a way that its basis vectors at points traversed
by the free surface of the fluid coincide with the basis vectors of the Lagrangian system &' at the same
points. In this case we have for the canonical variable

ne= | Jgvid (3.1)

]

Here g is the determinant of the mctrlc tensor gi(E, &2, E3, 1) of the Lagrangian system on the free
surface of the fluid. The quantity nd&'d€? is an elementary volume traversed by the fluid particles lying

on its free surface in a time 7.
The Hamiltonian equations in Lagrangian variables have the form (2.4), where 7 is defined by (3.1).

The Hamiltonian is determined by the expressions

H= E+fpf3\fd§d:2 W g s’

< 0 0
E=T+TI, T-2‘j/ faé‘fag“;\fdgdg’d& M= ju\fdgd&dz?

The Lagrangian approach can be conveniently used when the regions S in the Euler system of
coordinates vary during the motion.

It was shown in [11, 12] that one can use the Lagrange equations to investigate the potential motions
of an ideal fluid in the potential field of external forces, where one chooses as the generalized coordinates
the normal displacements of the boundary of the fluid &,, and the Lagrange function L is equal to the
difference between the kinetic and potential energy of the fluid. It can be seen that the equation én =
&, is satisfied. Hence, the Hamﬂtonlan approach considered here is equivalent to the Lagrangian
approach and the function ¢/ = 8L/8n is the generalized momentum.

4. To investigate the system of equations (2.4) when studying a large class of special motions
when one of the Euler spatial variables varies over a limited range (a, b) and the functions (1,
Ly(a, b), it is best to use orthogonal transformations with respect to this variable with weight vg. For
example
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N iD= T G0, o (D= T 0u (0 f, () (4.1)
m=0 m=0

b
.[ fmfn‘/g_d"c2 =0,

In (4.1) the range (g, b) is the range of variation of the variable x* during the motion.
Substituting (4.1) into the expression for the variation of the Hamiltonian and integrating- we
obtain

My _ 8H 09, _OH
o o9, o om, (42)

Henceforth we will use a system of coordinates where Vg = 1. If we choose functions of a trigonometric
series in complex form as the orthogonal system, we have

My BH o, BH “3)

o B, A &,
The asterisk denotes complex conjugation and m is the number of the harmonic.
When investigating localized motions in unbounded regions when x* € (o, o) it is best to use a
Fourier integral transformation w1th respect to x%. In this case, we obtain for the Fourier transforms
Fy and F, of the functions n and o

O 3H O oH
ot OF, ot &F,

Equations of the form (4.3) were used in [15, 16] when investigating resonance excitation of periodic internal
and surface waves in a fluid layer by a variable pressure on its surface. In this case the steady forced solutions
correspond to extremal points of the Hamiltonian. The construction of these solutions reduces to an analysis of
the solutions of an algebraic system of equations of infinite dimensions, which follow from (4.3) when dn/ot = 0,
dqf/ot = 0. It has been shown that solutions of this system for small-amplitude waves can be obtained in the form
of asymptotic series. Knowing the value of the Hamiltonian at the initial given and extremal points one can draw
conclusions regarding the possibility that the solution will reach a steady state from the initial state.

Equations (4.4) were used in [3, 6] to investigate the non-linear interaction between wave packets on the free
surface of a uniform fluid layer.

(44)

We will consider the average Hamiltonian description of weakly modulated wave packets propagat-
ing on a uniform background, for which

n=3 M, (tpx)exp(ik,x), ¢ = z 9, (¢, 1ux) exp(ik,,x) (4.5)

v=(Lkgy, ) <1, Kk, =k, k2), x=0'%?)
where | is the dispersion parameter and L is the characteristic scale of spatial modulatlon We w111 assume

that k,, are all po: ssible lmear combinations of certain specified wave vectors k3, k3, . . . , k% and kyq
= min (|K}], |K3|,..., |k%|). The variables n,, are the slowly varying amplitudes of waves with wave
vectors k,,,.
Substituting (4.5) into (2.5) we obtain
H=H o+ H 1 (4'6)
Hy= | Qux,ndx'dx®, H, =Y [ Q,(px,t)exp(ik,x)dx dx’
Ff m gf

We will introduce the following notation for the mean value of the arbitrary function ®(x)

@' (x) = j’lfA ijzf SO0 de?. .de | 8
x! x? I I
R B S
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A=Ky 1=0,1,2,..

Substituting expressions (4.5) into (2.5), multiplying the equations obtained by exp(—ikx) and then
calculating the mean values of both sides of the resulting equations, we obtain

a o) a 8,

1 I
M= o oy, On_ o, o @7

Further simplification of the system of equations (4.7) usually involves expanding the functions in
powers of the small parameter €, representing the non-linearity of the problem and proportional to the
amplitudes of the wave packets. The coefficients of different powers of the non-linear terms in the
asymptotic expansions depend on the metric of the system of coordinates employed and the form of
the known boundary of the liquid volume.
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